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Abstrat
The purpose of this paper is to examine the Lagrangian stohasti modeling of the uid veloity
seen by inertial partiles in a non-homogeneous turbulent ow. A new Langevin-type model, om-
patible with the transport equation of the drift veloity in the limits of low and high partile inertia,
is derived. It is also shown that some previously proposed stohasti models are not ompatible
with this transport equation in the limit of high partile inertia. The drift and diusion parameters
of these stohasti dierential equations are then estimated using DNS data. It is observed that,
ontrary to the onventional modeling, they are highly spae-dependent and anisotropi. To inves-
tigate the performane of the present stohasti model, a omparison is made with DNS data as well
as with two dierent stohasti models. A good predition of the rst and seond order statistial
moments of the partile and uid seen veloities is obtained with the three models onsidered. Even
for some omponents of the triple partile veloity orrelations, an aeptable aordane is notied.
The performane of the three dierent models mainly diverges for the partile onentration and
the drift veloity. The proposed model is seen to be the only one whih sueeds in prediting the
good evolution of these latter statistial quantities for the range of partile inertia studied.
1
I. INTRODUCTION
In the past years, several numerial methods have been employed to study the dispersion
of solid partiles in turbulent ows. Generally, small enough partiles are onsidered in order
to treat them as point-partiles.
1,2,3,4
Assuming that the drag fore is only of importane, the
link between the motion of an inertial partile and the arrier uid is given by the following
system of equations :
dxp,i
dt
= vp,i, (1)
dvp,i
dt
=
u˜i − vp,i
τp
, (2)
where xp,i and vp,i are the partile position and veloity, τp is the partile relaxation time
whih is expressed in terms of the drag oeient and of the magnitude of the relative
veloity, and u˜i = ui(xp, t) is the uid veloity at the partile loation. Under these onsid-
erations, the main diulty then lies in the proper omputation of the uid veloity at eah
partile loation. The rst possibility is to use Diret Numerial Simulation (DNS).
3,5
This
tehnique gives the best estimation of the uid veloity seen by partiles. Nevertheless, it ne-
essitates very high omputational ressoures. A more aordable numerial way is provided
by Large Eddy Simulation (LES).
6
Contrary to DNS, a model whih takes the residual uid
dynami (i.e. at the sub-grid sale) into aount should be used to predit the instantaneous
uid veloity seen by partiles. Finally, when the omputational ost of this latter tehnique
is still too high, it is then possible to make use of marosopi numerial simulation suh
as Reynolds-Averaged Navier-Stokes (RANS). The use of a RANS-Lagrangian method to
desribe the motion of solid partiles in a turbulent two-phase ow neessitates to generate
the utuating veloity of the arrier phase at partile loation.
7
In this framework, aver-
aged quantities suh as the mean veloity and some of the mean turbulent harateristis of
the arrier phase are determined by solving the Reynolds-Averaged Navier-Stokes equations.
The time integration of the equations governing the motion of inertial partiles [Eqs. (1) and
(2)℄ requires the knowledge of the instantaneous veloity of the uid at the partile loation.
The reonstrution of the random nature of the utuations along inertial partile trajeto-
ries an be ahieved, for instane, using a stohasti Lagrangian models.
8,9,10,11,12,13
Most of
these models for the simulation of turbulent two-phase ows involves spei formulations
2
based on the Langevin model whih an be written in a general form as :
du˜i = Aidt+BijdWj , (3)
for the instantaneous uid veloity at partile loation. In this latter stohasti dierential
equation (SDE), Ai is the drift vetor, Bij is the diusion matrix, and dWj are the inrements
of a vetor-valued Wiener proess with independent omponents. Some important properties
of these inrements are that they are non-dierentiable and normally distributed with mean
〈Wi(t+ dt)−Wj(t)〉 = 0 and variane
〈
[Wi(t + dt)−Wj(t)]
2
〉
= dt δij.
14
In order to predit
the uid veloity seen by inertial partiles, one has to model the drift vetor and the diusion
matrix. In the present study, we fous on the models for the drift vetor proposed by Simonin
et al.
8
Ai = −
1
ρf
∂ 〈p〉
∂xi
+ ν
∂2 〈ui〉
∂xj∂xj
+ (vp,j − u˜j)
∂ 〈ui〉
∂xj
+Gij (u˜j − 〈uj〉) , (4)
and by Minier and Peirano
15
Ai = −
1
ρf
∂ 〈p〉
∂xi
+ ν
∂2 〈ui〉
∂xj∂xj
+ (〈vp,j〉 − 〈u˜j〉)
∂ 〈ui〉
∂xj
+Gij (u˜j − 〈uj〉) . (5)
In these expressions, ν is the kinemati visosity, ρf is the uid density, p stands for the
pressure, ui is the uid veloity, vp,i is the solid partile veloity and Gij is the drift matrix.
The dierene between both models lies in the form of the third term whih desribes the
rossing-trajetory eet.
16
In the model proposed by Simonin et al.
8
, this term is written
as a funtion of the instantaneous relative veloity between the partile and the uid while
Minier and Peirano
15
suggested to express it as a funtion of the mean relative veloity.
It has to be noted that in the limit of low partile inertia (τp ≪ 1), both models give the well-
known Generalized Langevin Model (GLM) derived by Pope
17
to predit the motion of uid
partile in a turbulent ow. Nevertheless, as it will be shown in Se. II, these two previous
stohasti models are not ompatible with the transport equation of the drift veloity (mean
utuating uid veloity at partile loation) for large partile inertia. In order to orret
this disrepany, a new form of the drift vetor is proposed. In Se. III, the method used
to derive the drift and diusion parameters of these stohasti models is desribed, and the
estimated values obtained using DNS data are presented. The performane of the proposed
funtional form of the drift vetor is then assessed by omparison with DNS data in Se.
IV. Finally, onluding remarks are given in the last setion.
3
II. EXACT AND MODELED TRANSPORT EQUATIONS OF THE DRIFT VE-
LOCITY
In this setion, we study the Langevin models proposed by Simonin et al.
8
and Minier
and Peirano
15
through the transport equation of the drift veloity in the limit of low and
high partile inertia. Based on this study, a new model for the drift vetor Ai is proposed.
A. Degenerate equations for low and high partile inertia
Let us onsider the gas-solid ow from an Eulerian (marosopi) point of view. The
exat transport equation for the statistial moments of the partile and uid seen veloities,
as well as for the uid seen-partile veloity orrelations, an be derived, for example, from
the transport equation of a joint probability density funtion for the partile and uid seen
veloities.
11,15,18,19
The exat transport equation of the drift veloity, 〈u˜′i〉 = 〈u˜i − 〈ui〉〉, an
be written as
15
αpρp
Dp
Dt
〈u˜′i〉 =αpρp
[
∂
∂xj
(〈
u′iu
′
j
〉
−
〈
u˜′iv
′
p,j
〉)]
−
〈
u˜′iv
′
p,j
〉 ∂
∂xj
(αpρp)
− αpρp (〈vp,j〉 − 〈u˜j〉)
∂ 〈ui〉
∂xj
− αpρp
〈
u˜′j
〉 ∂ 〈ui〉
∂xj
− αpρp
(
−
1
ρf
∂ 〈p〉
∂xi
+ ν
∂2 〈ui〉
∂xj∂xj
)
+ αpρp
〈
du˜i
dt
〉
, (6)
where Dp(·)/Dt = ∂(·)/∂t + 〈vp,j〉 ∂(·)/∂xj , and αp is the partile volume fration.
In the limit of vanishing partile inertia (τp ≪ 1), a solid partile behaves like a uid partile
traer. Its veloity is equal to that of a uid partile, the statistial moments of the uid
and partile veloities are thus idential. Moreover, the drift veloity is zero sine this kind
of partiles samples homogeneously the turbulent ow eld and the partile volume fration
is onstant if the partiles are uniformly distributed initially. As a onsequene, it an be
found, from equation (6), that the average of the time variation of the uid veloity seen
beomes equal to 〈
du˜i
dt
〉
= −
1
ρf
∂ 〈p〉
∂xi
+ ν
∂2 〈ui〉
∂xj∂xj
. (7)
The averaged Navier-Stokes equations are thus reovered.
The opposite limit ase, i.e. high partile inertia (τp ≫ 1), is also of great importane when
4
studying gas-solid ows sine the trajetories of suh partiles beome ompletely indepen-
dent of the uid motion. In suh a ase, the partile veloity remains nearly idential to its
initial value, the uid seen-partile veloity orrelations, the seond and higher statistial
moments of the partile veloity as well as the drift veloity tend to zero. Moreover, the
partile volume fration keeps a onstant value aross the uid ow if partiles are initially
distributed uniformly. In the present study and without loss of generality, the veloity of
these high inertia partiles is onsidered idential to the mean uid veloity. Under these
onsiderations, it an be found from equation (6) that〈
du˜i
dt
〉
= −
1
ρf
∂ 〈p〉
∂xi
+ ν
∂2 〈ui〉
∂xj∂xj
−
∂
∂xj
〈
u′iu
′
j
〉
. (8)
These two previous equations give the asymptoti limits of the average time derivative of
the uid veloity seen by partiles. Besides, they an be used in order to verify that the
Langevin models generally used to predit the evolution in time of this uid veloity are
orret in the limits of low and high partile inertia.
For example, let us onsider rst the model of the drift vetor proposed by Simonin et al.
8
,
i.e. equation (4). The average of equation (3) in the limit of low partile inertia yields〈
du˜i
dt
〉
= −
1
ρf
∂ 〈p〉
∂xi
+ ν
∂2 〈ui〉
∂xj∂xj
, (9)
sine 〈BijdWj〉 = 0. Thus, the model of the drift vetor by Simonin et al.
8
is able to produe
the orret limit of the mean time inrement of the uid veloity seen in this partiular ase.
When the partile inertia beomes high, the same expression is obtained from this model.
In omparison with the exat one given by equation (8), it is notied that the divergene
of the Reynolds stress tensor is missing. Therefore, we an expet that some disrepanies
ould our in the predition of the momentum exhange between the dispersed and arrier
phases for high partile inertia. Considering the model proposed by Minier and Peirano
15
,
it an be seen that the expressions of the mean time inrement of the uid veloity seen in
the limits of low and high partile inertia are idential to those obtained with the model
of Simonin et al.
8
This model is thus also not ompatible with the transport equation of
the drift veloity in the limit of high partile inertia. In the next setion, a new model of
the drift vetor whih makes possible the predition of the theoretial limits given above is
proposed.
5
B. Proposal of a new model
From the onlusions drawn in the previous setion, we have designed a new model whih
gives the proper limits of the drift veloity transport equations in the ases of low and high
partile inertia. This model for the drift vetor Ai is
Ai = −
1
ρf
∂ 〈p〉
∂xi
+ ν
∂2 〈ui〉
∂xj∂xj
+ (vp,j − u˜j)
∂ 〈ui〉
∂xj
+Gij (u˜j − 〈uj〉) +
∂
∂xk
(〈
u˜′iv
′
p,k
〉
− 〈u′iu
′
k〉
)
.
(10)
This drift vetor is mainly dierent from those proposed by Simonin et al.
8
and Minier and
Peirano
15
due to the presene of the term ∂
(〈
u˜′iv
′
p,k
〉
− 〈u′iu
′
k〉
)
/∂xk (i.e. the divergene of
the dierene between the uid-partile ovarianes and the Reynolds stresses).
First, it has to be noted that in the limit of low partile inertia the model proposed is
also idential to the GLM derived by Pope
17
beause
〈
u˜′iv
′
p,k
〉
→
〈
u′iu
′
k
〉
. In addition, the
modeled averaged time inrement of the uid veloity seen using Eq. (10) has the proper
limits sine 〈
du˜i
dt
〉
= −
1
ρf
∂ 〈p〉
∂xi
+ ν
∂2 〈ui〉
∂xj∂xj
, (11)
when τp ≪ 1, and 〈
du˜i
dt
〉
= −
1
ρf
∂ 〈p〉
∂xi
+ ν
∂2 〈ui〉
∂xj∂xj
−
∂
∂xj
〈
u′iu
′
j
〉
, (12)
for τp ≫ 1.
The introdution of a supplementary term, whih is a funtion of the Reynolds stresses, in the
drift vetor has been motivated by the neessity for the stohasti model to be onsistent with
the transport equation of the drift veloity in the limit of high partile inertia. Nevertheless,
this additional term had to vanish in limit of low partile inertia in order to keep the model
similar to the GLM. This has naturally led us to add the uid-partile ovariane tensor
whih tends to the Reynolds stresses when τp ≪ 1 and to zero when τp ≫ 1. Moreover,
inorporating the proposed model in the transport equation of the drift equation, it an be
seen that this new term moment is physially onsistent with the others.
At this point, we would like to emphasize the fat that the present model should be
more suitable for prediting the uid veloity seen by large solid partiles than the models
proposed by Simonin et al.
8
and Minier and Peirano
15
, however, the presene of the uid-
partile ovarianes in the expression inreases the degree of omplexity of the stohasti
model.
6
It is also worth mentioning that the SDE for the utuating uid veloity seen derived
from this model (this SDE is presented hereafter) presents similarities with the one proposed
reently by Boksell and Loth
20
. In this latter study, they onluded that a drift orretion,
whih is a funtion of the uid seen and partile veloities, should be inluded in the SDE in
order to orretly predit the onentration proles of nite-inertia partiles in a turbulent
boundary layer. In fat, the last term in Eq. (10) plays this role.
Before evaluating the performane of the proposed model, the proedure used to speify
the parameters of the stohasti equation, i.e. the drift and diusion matries (Gij and Bij),
is presented.
III. DETERMINATION OF THE DRIFT AND DIFFUSION MATRICES
A. Theoretial formalism and assumptions
In order to test the apability of the proposed form for the drift vetor to model the
turbulene seen by inertial partiles, the values of the omponents of the drift and diusion
matries, Gij and Bij, have to be speied. In stationary homogeneous isotropi turbulene
and without a mean relative motion between the dispersed and arrier phases, the drift term
is modeled has the inverse of the integral time sale of the uid seen. The diusion matrix
is generally supposed independent of the partile inertia and is expressed as a funtion of
the Kolmogorov's onstant and dissipation rate of the mean turbulent kineti energy aord-
ing to the Kolmogorov similarity theory for the seond-order Lagrangian veloity struture
funtion in the inertial subrange.
21
It has to be noted that this model for the diusion term
is stritly valid in the limit of vanishing partile inertia and for high Reynolds number tur-
bulent uid ows.
In the ase of non-homogeneous turbulene, the speiation of the drift and diusion matri-
es is even more omplex. There are no models for these quantities whih take properly the
properties of suh a turbulene into aount. Consequently, we propose in the present study
to determine Gij and Bij using data extrated from our hannel ow DNS omputation.
A similar method to the one proposed in the study by Pope
22
, whih was devoted to the
predition of uid partile trajetories in a turbulent homogeneous shear ow, is followed.
Firstly, in order to apply this method, the stohasti dierential equation for the utu-
7
ating uid veloity at the solid partile loation has to be derived from Eq. (3). Sine
du˜′i = du˜i − d 〈ui〉, it an be shown that
du˜′i = G˜ij u˜
′
jdt+BijdWj +
∂
〈
u′iu
′
j
〉
∂xj
dt , (13)
when the model by Simonin et al.
8
is used while
du˜′i = G˜iju˜
′
jdt+BijdWj +
∂
〈
u˜′iv
′
p,j
〉
∂xj
dt , (14)
with the present model for Ai [Eq. (10)℄. In these equations, G˜ij = Gij − ∂ 〈ui〉 /∂xj . The
model of Minier and Peirano
15
will not be onsidered in the rest of the present study for two
reasons. This model suers from the same drawbak in the limit of high partile inertia as the
one suggested by Simonin et al.
8
, onsequently, only one of these models an be examined.
In addition, their model was designed to be used for the predition of the instantaneous uid
veloity seen by partiles and is thus not of pratial use for prediting the utuating part.
Seondly, sine the method proposed by Pope
22
is stritly valid for homogeneous turbulent
ows, an assumption has to be made in our ase. We will assume that the turbulene is
loally homogeneous so that the spatial derivatives of the turbulent statistis vanish. This is
a strong assumption, however, we are interested in a fairly good and simple approximation of
the drift and diusion matries in order to test stohasti models. As far as we know, there
is no other simple method to determine the parameters of this partiular type of stohasti
models due to the non-homogeneity of the turbulent ow studied. Moreover, it will be
shown later from the stohasti simulations of the gas-solid ow that this approximation
leads to very good results. Besides, it should be also noted that it is under this assumption
that Walpot et al.
29
reently derived the drift matrix of a stohasti equation prediting
the utuating veloity of uid partiles for a turbulent pipe ow. Nonetheless, it has to be
mentioned that other stohasti models, motivated by the works of Wilson et al.
26
, Durbin
28
,
and Thomson
27
, have been suggested to takle the problem indued by the non-homogeneity.
More details an be found in Iliopoulos and Hanratty
23
, Iliopoulos et al.
24
, and referenes
within.
Assuming the turbulene as loally homogeneous, the drift matrix an be expressed from
Eq. (13) or Eq. (14) as
G˜ = −
(
T
T
)−1
, (15)
8
where (·)T denotes the transpose and Tij is the matrix of the deorrelation time sales of
the uid seen whih is dened as
Tij =
∫ ∞
0
〈u˜′iu˜
′
k〉
−1 〈
u˜′k(0)u˜
′
j(t)
〉
dt , (16)
with 〈u˜′iu˜
′
k〉
−1
being the i − k omponent of the inverse of
〈
u˜u˜
T
〉
. In order to obtain the
drift matrix, Tij has been omputed from DNS data.
To determine the diusion matrix, we have to onsider the transport equation of the se-
ond order statistial moment of the uid veloity seen by partiles whih is desribed by
equation (3). This transport equation, whih an be derived from the transport equation
of the joint probability density funtion for the partile and uid seen veloities,
15
has the
following form
αpρp
Dp
Dt
〈
u˜′iu˜
′
j
〉
=−
∂
∂xk
(
αpρp
〈
u˜′iu˜
′
jv
′
p,k
〉)
− αpρp
〈
u˜′iv
′
p,k
〉 ∂ 〈uj〉
∂xk
− αpρp
〈
u˜′jv
′
p,k
〉 ∂ 〈ui〉
∂xk
+ αpρp 〈u˜
′
i〉
(
∂
〈
u′ju
′
k
〉
∂xk
+
1
ρf
∂ 〈p〉
∂xj
− ν
∂2 〈uj〉
∂xk∂xk
)
+ αpρp
〈
u˜′j
〉(∂ 〈u′iu′k〉
∂xk
+
1
ρf
∂ 〈p〉
∂xi
− ν
∂2 〈ui〉
∂xk∂xk
)
− αpρp (〈vp,k〉 − 〈uk〉)
(
〈u˜′i〉
∂ 〈uj〉
∂xk
+
〈
u˜′j
〉 ∂ 〈ui〉
∂xk
)
+ αpρp
〈
Aiu˜
′
j + Aj u˜
′
i
〉
+ αpρp 〈BikBjk〉 . (17)
Note that this transport equation is generally written for onveniene in terms of a utu-
ating uid veloity seen dened as u˜′′i = u˜i−〈u˜i〉 while we dened it as u˜
′
i = u˜i− 〈ui〉 in the
present study. The other form of the transport equation an be thus found by introduing
the relation u˜′i = u˜
′′
i + 〈u˜
′
i〉 in Eq. (17).
Let us now write the drift vetor, Ai, in a ompat form as
Ai = −
1
ρf
∂ 〈p〉
∂xi
+ ν
∂2 〈ui〉
∂xj∂xj
+ (vp,j − u˜j)
∂ 〈ui〉
∂xj
+Gij (u˜j − 〈uj〉) + Ci . (18)
When Ci = 0, the model proposed by Simonin et al.
8
is reovered while the new proposed
model is obtained if Ci = ∂
(〈
u˜′iv
′
p,k
〉
− 〈u′iu
′
k〉
)
/∂xk. Introduing the expression of the drift
9
vetor in Eq. (17) yields
αpρp
Dp
Dt
〈
u˜′iu˜
′
j
〉
=−
∂
∂xk
(
αpρp
〈
u˜′iu˜
′
jv
′
p,k
〉)
+ αpρp 〈u˜
′
i〉
∂
〈
u′ju
′
k
〉
∂xk
+ αpρp
〈
u˜′j
〉 ∂ 〈u′iu′k〉
∂xk
− αpρp
(
Ci
〈
u˜′j
〉
+ Cj 〈u˜
′
i〉
)
+ αpρp
〈
G˜iku˜
′
ku˜
′
j + G˜jku˜
′
ku˜
′
i
〉
+ αpρp 〈BikBjk〉 . (19)
The gas-solid hannel ow being statistially stationary and homogeneous in the streamwise
and spanwise diretions, the diusion matrix an be expressed, under the loal homogeneity
assumption, from Eq. (19) as a funtion of the drift matrix
B2ij ≡ BikBjk = −G˜ik
〈
u˜′ku˜
′
j
〉
− G˜jk 〈u˜
′
ku˜
′
i〉 . (20)
Here, it should be noted that B2ij does not determine uniquely Bij. Nevertheless, B
2
ij
will produe a unique set of statistial moments of the utuating uid veloity seen by
partiles.
15,25,30
Therefore, we suppose in this study that Bij is symmetri.
The parameters of the Langevin model an be thus expressed as a funtion of the deor-
relation time sales and seond order statistial moment of the uid seen by partiles.
B. Results
In order to evaluate the parameters of the Langevin model, data extrated from a diret
numerial simulation of a gas-solid hannel ow have been used. The diret numerial
simulation was onduted at a Reynolds number Reb = 2280 (based on hannel half-height δ
and bulk veloity Ub) orresponding to a Reynolds number based on the wall-shear veloity
(uτ ) equals to Reτ ≈ 155. The results used in the present study are oming from the same
numerial omputations presented in Marhioli et al.
31
to test the predition of partile
dispersion by dierent DNS odes. Therefore, only the main harateristis of the gas-solid
ow simulation are given here. The numerial simulation of solid partile trajetories was
restrited to spherial partiles smaller than the smallest turbulent length sale. Therefore,
we made use of the point-fore approximation. In the present study, the partile-partile
interations as well as the turbulene modulation were disregarded (one-way oupling). In
addition, the added mass, history and lift fores were negleted in the partile equation
of motion sine the ratio between the partile and uid density obeys ρp/ρf ≫ 1. In the
10
present study, only the non-linear drag fore, estimated from the orrelation of Morsi and
Alexander
32
, was onsidered.
Simulations were run for three sets of partiles haraterized by dierent Stokes partile
response times in wall units, τ+p = 1, 5 and 25 [quantities in wall units are normalized
with the visous sales (i.e. the wall-shear veloity uτ and the visous lengthsale ν/uτ )
and indiated by the supersript (·)+℄. The orresponding dimensionless diameters were
dp/δ = 1×10
−3, 2.2×10−3 and 5×10−3, and the density ratio was equal to ρp/ρf = 1000/1.3
for the three sets. Statistis on the dispersed phase were started after a time lag neessary
for partile statistis to reah a stationary state.
In gures 1 and 2, the omponents of the drift matrix in wall units are plotted as
a funtion of the wall-normal oordinate y+, and for the three dierent partile inertia.
Before ommenting the results, we have to emphasize that not too muh attention should
be paid to the behavior of the Langevin model parameters near the wall sine they were
derived under the assumption of loal homogeneity. This approximation is ertainly not
orret in this region of strong gradients of the turbulent statistial moments. From the
diagonal omponents of G+ij shown in Fig. 1, it an be observed that the magnitude of G
+
22
and G+33 dereases monotially with inreasing y
+
. Moreover, the partile inertia is shown
to not have a signiant eet on these omponents. These trends are quite dierent for
G+11 sine its magnitude is seen to have a loal minimum at y
+ ≈ 10 whatever the partile
inertia, and then for y+ ? 40, it dereases with inreasing y+. Conerning the non-diagonal
omponents of G+ij plotted in Fig. 2, we note that G
+
12 is maximum in the near-wall region
and tends to zero at the hannel enter. The partile inertia has a quite important eet
on that omponent while G+21 is zero aross the hannel whatever the partile inertia.
Finally, it has to be mentioned that our estimation of the drift matrix for the lowest partile
inertia is qualitatively in good agreement with the results obtained by Walpot et al.
29
in
their study of a Langevin model for prediting the utuating veloity of uid partiles in
a turbulent pipe ow.
The results obtained for the diusion matrix are given in the form of B2ij = BikBjk in
gure 3. Contrary to the onventional modeling assumption, it is found that the diusion
term B2ij is signiantly anisotropi for y
+ < 100. A similar observation was previously made
11
by Pope
22
in a study of the stohasti Lagrangian modeling of uid partile trajetories in
a homogeneous turbulent shear ow. Besides, the results show that the omponents of B2ij
tend towards zero lose to the wall and have a maximum loated approximately at y+ = 25.
Consequently, aording to these results, B2ij annot be modeled as a funtion of kineti
energy dissipation rate moderated by a onstant sine the dissipation of the kineti energy
is maximum at the wall. Conerning the inertia eet, it is observed that the values of B211
are idential for τ+p = 1 and 5 and inrease when τ
+
p = 25. This is not the ase for the
omponents B222 and B
2
33 sine similar results are obtained for τ
+
p = 5 and 25 partiles while
the magnitude of these omponents is higher for the lowest partile inertia. Regarding the
non-diagonal omponent, the partile inertia eet is seen to only hange its minimum. Using
these results for the drift and diusion matries, the performane of the present stohasti
model is examined in the next setion.
IV. EVALUATION OF THE STOCHASTIC MODELS
A. Presentation of the test
To assess the performane of the proposed Langevin model, a omparison between re-
sults obtained from a stohasti simulation and those extrated from the diret numerial
simulation of a gas-solid hannel ow has been onduted. The stohasti simulations have
been arried out for three dierent forms of the drift vetor in order to investigate the eets
of this term on the predited dispersed phase statistis. The expressions of the stohasti
dierential equation orresponding to these models an be put in the following ompat
form:
du˜′i = G˜ij u˜
′
jdt+BijdWj +Didt . (21)
Consequently, Di = ∂ 〈u
′
iu
′
k〉 /∂xk gives the SDE obtained using the model proposed by
Simonin et al.
8
[Eq. (13)℄, Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk is the seond form whih is derived using the
proposed model for the drift vetor [Eq. (14)℄, and Di = 0 orresponds to the third model
onsidered. This last form is less umbersome than the two others and does not need to
know beforehand the uid Reynolds stresses or the uid-partile ovarianes. In addition,
it should be noted that this model only gives the proper limit of the average of the time
variation of the uid veloity seen when τp ≫ 1 [see Eq. (8)℄.
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B. Stohasti simulation
For the stohasti simulation of the gas-solid ow, the mean uid motion was alulated
by means of a Reynolds-Averaged Navier-Stokes model. Closure of the Reynolds stresses
is ahieved using the Non Linear Eddy Visosity Model,
33
so that turbulene anisotropy
is taken into aount. In order to have a better preision in the near-wall region where
the visosity eets have to be taken into aount, modiations of the standard k − ǫ
model following the reommendations of Myong and Kasagi
34
have been made. This model
introdues damping funtions that allow the transport equations of k and ǫ to be valid
lose to the wall. A omplete desription of the RANS model used here is given in the work
of Carlier et al.
35
. The mean uid veloity, 〈u1〉
+
, predited by this model is ompared in
gure 4 to the one obtained by DNS. Despite a slight overpredition of 〈u1〉
+
by the RANS
model in the logarithmi region, the results an be onsidered to be in good aordane.
After the Eulerian omputation of the mean uid veloity, the stohasti Lagrangian
simulations have been performed by traking as muh as 2.106 solid partiles in order to get
enough statistial information in eah ell of the domain to alulate the mean dispersed
phase statistis. The partile harateristis as well as the equation of motion used for
alulating the trajetories are idential to those of the DNS omputation.
Nevertheless, ontrary to the gas-solid DNS whih has been onduted in a bi-periodi
domain, a nite streamwise length hannel has been onsidered for the stohasti simulation.
This length has been hosen to be equal to 10 m (≃ 500 times the hannel half-width) in
order to obtain dispersed statistis, alulated at the outlet, whih are independent of the
distane to the inlet.
The uid veloity utuation at the partile loation has been determined by integrating in
time the stohasti equation [Eq. (21)℄ in a semi-analytial way. The stohasti part is rstly
disregarded and the time inrement of the veloity an be thus analytially obtained from
the resulting system of oupled equations. The stohasti term inrement is then estimated
using an Euler sheme and added to the analytial solution. The simulations have been
arried out using a time step being equal to τp/25 for τ
+
p = 5 and 25. For the τ
+
p = 1
partiles, the time step was hosen to be τp/5 in order to limit the omputational ost. One
should note that during these stohasti simulations, the time step is always lower or of the
order of the smallest veloity timesale haraterizing the present ow. This hoie is also in
13
aordane with the guideline given by Sommerfeld
36
. The values of G˜ij and Bij have been
linearly interpolated at the solid partile loation from the data presented in the previous
setion. These oeients being unknown at the wall, a linear extrapolation has been hosen
to estimate them near the walls (0 < y+ < 3.1). In addition, the mean turbulent statistis,
whih appear in the three tested stohasti models, have been also alulated at the partile
position using a linear interpolation of data extrated from the DNS omputation in order
to not introdue additional modeling unertainties.
C. Numerial results
The rst result we present is the onentration (more preisely the number density) of
solid partiles aross the hannel width. The DNS and stohasti simulations onduted
with the three dierent models are ompared in gures 5(a-) for τ+p = 1, 5 and 25
respetively. These results are interesting sine they reveal that the drift model has an
important eet on the partile distribution in the hannel. The DNS data show that
the partile onentration inreases with inreasing inertia (in the partile inertia range
studied). This behavior an be seen as a preferential onentration eet at the marosopi
sale. Of ourse, it is dierent from the the loal eet whih ours at smaller length
sales.
4,37,38,39
The omparison with the stohasti simulation shows also that the model of the drift
vetor proposed by Simonin et al.
8
[Eq. (21) with Di = ∂ 〈u
′
iu
′
k〉 /∂xk℄ is not able to
reprodue the aumulation of the larger partiles in the low turbulent intensity regions.
The onentration proles remain quite uniform whatever the partile inertia. It seems
that the presene in the SDE of the term Di = ∂ 〈u
′
iu
′
k〉 /∂xk (whih does not vary as
a funtion of partile inertia) prevents the aumulation. On ontrary, the model with
Di = 0 produes a segregation of the partiles in the near-wall region even for the lowest
partile inertia. This is in ontradition with the law of onservation of mass sine these
partiles, whih an be assimilated to uid partile traers, have to approximately be
uniformly distributed.
25
This non-physial behavior, whih is alled spurious drift eet,
was observed by Wilson et al.
26
and MaInnes and Brao
40
in stohasti Lagrangian
simulations of traer partiles in non-homogeneous turbulent ow. In fat, it is due to an
inonsisteny between the stohasti Lagrangian model and the Navier-Stokes equations
14
whih auses a misrepresentation of the averaged time derivative of the utuating uid
partile veloity. A more detailed presentation of this eet an be found in Pope
21
,
Thomson
25
, Guingo and Minier
41
, and referenes within. Despite this major problem for
low partile inertia, this stohasti model predits reasonably well the onentration of
the τ+p = 25 partiles. This onrms that this latter model should be more appropriate
to estimate the uid veloity seen by large partile inertia. Finally, it is noted that the
results obtained with the present model for τ+p = 1 and 25 are in good aordane with
the DNS data while important disrepanies are observed for τ+p = 5 when y
+ < 2.
Nevertheless, the main point is that this model reprodues qualitatively quite well the eet
of inertia on the partile onentration. There is no spurious drift eet for low inertia
and an inrease of the onentration in the near-wall region is noted for the higher partile
inertia. This result is of importane sine the orret predition of partile ux in wall-
bounded turbulent ows is deisive when studying the omplex proess of partile deposition.
The rst order statistial moment of the partile veloity is plotted in gures 6(a-).
From Fig. 6(a), it is seen that the mean veloity of the smallest partile inertia studied
is quite well predited aross the hannel by the dierent models of the drift vetor.
Nevertheless, this veloity is overestimated in the visous sublayer for y+ < 2. The observed
disrepany an be reasonably attributed to the ombination of two approximations. The
rst one onerns the loal homogeneity assumption made to derive the parameters of the
stohasti whih does not hold in this region. The seond one is the linear extrapolation
used to estimate these parameters at the partile loation. These remarks should be kept in
mind throughout the presentation of the results. In the buer and logarithmi regions, the
present model as well as the one of Simonin et al.
8
give similar results whih are slightly
greater than those of the DNS. This is due to the fat that the RANS model slightly
overestimates the mean uid veloity given by the DNS. Conerning the results obtained
with the third model tested, i.e. Eq. (21) with Di = 0, we note that they are similar
to those of the two other models exept in the buer region where the mean partile is
lower. It is believed that this interesting dierene is due to the fat that this model is
not ompatible with the transport equation of the drift veloity in the limit of low partile
inertia. This inompatibility ertainly gives rise to a wrong estimation of the drift veloity
whih should be quite low for this kind of partiles. Sine the mean partile veloity is
15
lower than expeted, it an onluded that this model generates utuations of the uid
veloity whose average is negative.
The mean veloity of the τ+p = 5 partiles is shown in Fig. 6(b). Firstly, the present model
and the one with Di = 0 give idential results. The mean partile veloity is also slightly
overestimated in the buer and logarithmi regions. Nonetheless, the disrepany observed
for the smaller partiles in the near-wall region is attenuated. This is ertainly due to the
less important sensitivity of the τ+p = 5 partiles to the utuating uid veloity. Seondly,
it is notied that the model of Simonin et al.
8
auses a too high partile veloity in the
buer region. The inompatibility of this model with the transport equation of the drift
veloity in the limit of large partile inertia an be invoked. Nevertheless, this explanation
has to be taken with aution sine one ould argue that τ+p = 5 partiles do not belong to
the ategory of large partiles. At this stage of the study, no lear onlusion an be drawn.
The mean veloity of τ+p = 25 partiles is plotted in Fig. 6(), the three models give
approximately the same results in the buer and logarithmi regions. The predited
veloity is one more slightly higher than the one extrated from the DNS. In the visous
sublayer, this overpredition is also observed for the model of Simonin et al.
8
while the
results with the two other models are in a good aordane with the DNS.
In order to better understand the inuene of this three dierent stohasti models, the
partile veloity root mean square (rms) has also been omputed. The results obtained are
shown in gures 7-9. The estimated values of the streamwise partile veloity rms for the
τ+p = 1 partiles [Fig. 7(a)℄ are seen to be in very good aordane with the DNS results.
For the τ+p = 5 partiles [Fig. 7(b)℄, some dierenes are noted for y
+ < 30. Surprisingly,
better results are obtained with the simplest model studied [i.e. Eq. (21) with Di = 0℄.
The two other models overestimate the streamwise partile veloity rms. The dierene
is roughly of the order of 5%. The results obtained for τ+p = 25 [Fig. 7()℄ show that the
present model and the one with Di = 0 predit aurately this partile veloity statistial
moment. Some important disrepanies are notied with the model by Simonin et al.
8
for
y+ < 15. Conerning the wall-normal omponent plotted in gure 8, it an be seen that
the aordane with the DNS results is very good whatever the model used. The predited
values are slightly lower than those given by the DNS for τ+p = 1 and 5, however, this
dierene is not signiant. The inertia ltering eet is onsequently well reprodued by
16
the stohasti models. For sake of oniseness and due to its strong qualitative similarity
with the wall-normal omponent, the spanwise veloity rms is not shown. The non-diagonal
omponent of the partile veloity rms is presented in Fig. 9. More important dierenes
are observed for this omponent than for the others. Conerning the smallest partile
inertia, the three models are in good agreement with the DNS data. For higher inertia,
the results obtained from these models diverge for 10 < y+ < 50. In this region, the
model by Simonin et al.
8
underestimates the magnitude of the minimum of partile kineti
shear stress
〈
v′p,1v
′
p,2
〉
. This trend is also obtained with the two other models, however, the
dierene is less. It should be also noted that the magnitude of
〈
v′p,1v
′
p,2
〉
given by DNS
is higher than that of the three stohasti models for y+ > 50. A possible reason for this
disagreement is that the wall-shear veloity used to normalized the quantities shown is
not perfetly idential in the DNS and stohasti simulations. Finally, it an be remarked
that the dierenes notied previously are less for the τ+p = 25 partile exept for y
+ > 50
where the underestimation of the magnitude partile kineti shear stress is of the same order.
To omplete this omparison of the partile veloity statistis, the predition of a
higher statial moment (the triple partile veloity orrelations
〈
v′p,iv
′
p,jv
′
p,k
〉
) has been also
investigated. This will give an idea of the apability of stohasti modeling. The agreement
with the DNS data is not expeted to be as good as for the other statistial moments shown
due to the assumptions made for the derivation of the parameters of the stohasti models.
The streamwise triple partile veloity orrelation is plotted in gure 10. Surprisingly,
the three stohasti models are seen to be able to predit very well this orrelation for
y+ > 30 and whatever the partile inertia. Moreover, the models well estimate the inertia
eet sine the obtained maximum of this orrelation (loated at y+ ≃ 10) inreases with
inreasing inertia. Nonetheless, the magnitude of this maximum is not well predited sine
the present model as well as the one by Simonin et al.
8
learly overestimate it while an
underestimation is noted for the model with Di = 0. From gure 12, it an be observed
that
〈
v′p,2v
′
p,1v
′
p,1
〉
is also quite well predited by the present model and the one with Di = 0
aross the hannel and whatever the partile inertia. Conerning the model of Simonin
et al.
8
, more important disrepanies arise for y+ < 20 and τ+p = 5 and 25. For the
orrelations
〈
v′p,2v
′
p,2v
′
p,2
〉
and
〈
v′p,2v
′
p,1v
′
p,2
〉
, shown in gures 11 and 13, a similar trend is
noted. First, the results given by the three stohasti models are almost idential. Seondly,
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the agreement with the DNS data is very good when y+ < 20 whereas the magnitude
of these two orrelations is signiantly underestimated in the rest of the hannel. The
last non-zero orrelation omputed is
〈
v′p,2v
′
p,3v
′
p,3
〉
(Fig. 14). There are major dierenes
between the DNS and stohasti simulations. The predited orrelation is generally smaller
than the one extrated from the DNS. In addition, for y+ < 40 and the smallest partile
inertia, the wrong sign of
〈
v′p,2v
′
p,3v
′
p,3
〉
is given by the stohasti models. Nonetheless, the
results obtained with these models are in a good qualitative agreement for y+ > 40, and
the inertia eet, whih auses a derease of this orrelation, is well estimated.
The seond part of this omparison between the DNS and stohasti simulations is
devoted to the statistis of the uid seen veloity. The rst statistial moment studied is
the drift veloity 〈u˜′i〉. In gures 15 and 16, the streamwise and wall-normal omponents
are presented. A better predition of the drift veloity from the present model is expeted
sine it has been previously shown that it is the only model of the three onsidered whih is
ompatible with the transport equation of this veloity in the limits of low and high partile
inertia. From the results obtained for the streamwise omponent, it an be seen that the
three models are unable to orretly estimate it for the τ+p = 1 partiles when y
+ < 40.
The present model and the one of Simonin et al.
8
predit quite orretly 〈u˜′1〉 in the rest of
the hannel while signiant dierene with the DNS data are still noted using the model
with Di = 0. This is in line with the fat that this latter model is not ompatible with the
transport equation of the drift veloity when τ+p → 0. As shown in the rst part of this
study, the two other models beome idential in this limit. Nevertheless, there are some
dierenes. This is due to the value of the partile inertia studied whih is not enough low to
observe the onvergene of these two models. It is onrmed by the DNS data sine the drift
veloity of the τ+p = 1 partiles is non-null while this veloity has to vanish when τ
+
p → 0.
From gure 15(b), it is apparent that the model with Di = 0 better predits the drift
veloity for this kind of partiles, however, there are important inonsistenies in a large
part of the hannel. The results given by the present model are in satisfatory agreement
with the DNS data, whereas important qualitative and quantitative disrepanies are noted
for the model by Simonin et al.
8
when 10 < y+ < 30. In the ase of the highest partile
inertia, this latter model and the present one give surprisingly similar results whih are in
aeptable agreement with the DNS data while the preditions by the simple model with
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Di = 0 are poor. It ould have been expeted that this latter model would lead to better
results for these partiles. Nonetheless, the inertia of the partile studied is not enough high
to show that the present model and the one with Di = 0 should predit the drift veloity
more aurately than the model by Simonin et al.
8
. The apability of the three models an
be better distinguished from the results of the wall-normal omponent of the drift veloity.
The stohasti model with Di = 0 predits a null drift veloity whatever the distane to the
wall and the partile inertia. It is in omplete disagreement with the DNS data. The results
obtained with the model by Simonin et al.
8
are in satisfatory aordane. Nevertheless,
important disrepanies begin to arise as the partile inertia inreases. Contrary to these
two models, the expression proposed to estimate the drift vetor of the stohasti equation
leads to a good estimation of this drift veloity whatever the partile inertia. These
observations an explain the preditions of the partile onentration by the three models
making use of simple physial onsiderations. The wall-normal drift veloity given by the
stohasti model with Di = 0 is null. It has been also shown that this model predits an
inrease of partile onentration in the near-wall region whatever the partile inertia. This
non-physial inrease in the ase of the lowest partile inertia is indued by the fat that
there is no mean fore to ounterat the aumulation of the partiles in low-turbulene
regions (the so-alled turbophoresis eet
42,43
). To explain the uniform onentration
obtained with the model by Simonin et al.
8
whereas an inrease should be observed near
the wall in the ase of the τ+p = 5 and 25 partiles, similar onsiderations an be put
forward. The predited drift veloity given by this model, whih is higher than that of
the present model, is ertainly too high to make possible the aumulation of these partiles.
The last statistial moment onsidered in this evaluation of the proposed stohasti model
is the uid seen-partile veloity orrelations
〈
u˜′iv
′
p,j
〉
. Conerning the diagonal omponents
presented in Figs. 17 and 18, the agreement of the stohasti simulations with the DNS data
exhibits the same trends as for the partile veloity rms. The three models almost perfetly
reprodue the inertia eet on the wall-normal and spanwise omponents. It should be
noted that due to the strong similarity between these two omponents, only the results
obtained for
〈
u˜′2v
′
p,2
〉
are shown (see Fig. 18). From gure 17, it is noted that the streamwise
omponent is in good aordane with the DNS data in the ase of the smaller partile
inertia. Dierenes appear for higher partile inertia near the loation of the maximum of
19
〈
u˜′1v
′
p,1
〉
(10 < y+ < 20). As observed for the partile veloity rms, the present model as well
as the one by Simonin et al.
8
lead to an overpredition of the streamwise omponent while
a better agreement is obtained with the third model [Eq. (21) with Di = 0℄. Due to the
asymmetry of the uid seen-partile veloity orrelations, the two non-diagonal omponents
are presented in gures 19 and 20. The evolution of
〈
u˜′1v
′
p,2
〉
as a funtion of the partile
inertia is well reprodued. Nonetheless, the stohasti models generally underestimate the
DNS results. A better agreement is obtained for the other non-diagonal omponent. As
noted for the majority of the statistis presented in this study, the model by Simonin et al.
8
provides an aeptable but less aurate predition.
V. CONCLUSION
We present in this study a stohasti model for estimating the uid veloity experiened
by small solid partiles in a non-homogeneous turbulent ow. In the rst part, a new
stohasti model whih is ompatible with the limits of the transport equation of the drift
veloity for low and high partile inertia has been derived. From this ompatibility riterion,
it has also been shown that some previously proposed stohasti models should not be able
to reet aurately the inertia eet on the uid veloity seen by high inertia partiles.
In the seond part of this study, the auray of the present stohasti equation has
been evaluated. Sine no models exist to determine the drift and diusion parameters,
appearing in the SDE, for non-homogeneous turbulene, they have been dedued from a
method similar to the one proposed by Pope
22
. The obtained results show that the drift
and diusion matries are highly spae-dependent and anisotropi. Using these values,
stohasti simulations of a gas-solid hannel ow have been onduted and ompared to
DNS. The stohastially predited data have been also ompared to those obtained with the
model proposed by Simonin et al.
8
and to a simpler one. Using the ompatibility riterion
presented in the rst part, the former model should not be able to reprodue the dynamis
of high partile inertia while the latter should not be able to reprodue it for small partile
inertia.
The three models onsidered are able to predit with a good auray the rst and seond
order statistial moments of the partile and uid seen veloities. Surprisingly, a good
aordane has been also notied for the triple partile veloity orrelations. This aordane
20
is mainly qualitative. Nevertheless, some omponents have been seen to be well predited
quantitatively. This learly demonstrates the apability of Langevin-type models to predit
aurately and eiently the interations between inertial partiles and turbulene.
The auray of the results obtained with these three dierent models diverges prinipally for
the partile onentration and the drift veloity. As stated before, a good estimation of these
quantities is primordial to orretly predit the important proess of partile deposition. It
has been seen that the model proposed by Simonin et al.
8
is not able to predit the inrease
near the wall of the onentration of moderate and high partile inertia. On ontrary,
the simpler model predits this inrease even for the smaller partile inertia whereas the
onentration should be almost uniform. This learly shows that this model suers from a
spurious drift eet. The new proposed model is the only one whih sueeds in prediting
the good evolution of the partile onentration for the range of partile inertia studied.
This naturally leads us to onsider that it is a good andidate to estimate the turbulene
seen by inertial partiles. In the present paper, we test the proposed model using DNS data
suh as for the uid-partile ovarianes in order to not introdue supplementary modeling
unertainties. These data are generally not known beforehand. Nonetheless, numerial
strategies related to RANS-Lagrangian methods an help to overome this diulty. For
instane, one suh method an be found in Peirano et al.
44
, whih alulates the uid-partile
ovarianes on the basis of the statistis of a large number of partiles. Thus, the model is
more omputationally demanding than Simonin's method, but it is hoped that the benet
of better results outweighs the extra ost.
Another possible way to bypass this diulty would be to diretly model the uid-partile
ovarianes. The simplest existing model is based on the theory developed by Then
45
and
Hinze
46
[see Simonin et al.
8
℄. Attention must be paid to the properties of the arrier uid
ow studied sine this model was initially developed for isotropi and stationary turbulene
under restritive assumptions. A more sophistiated approah was reently proposed by
Zaihik et al.
47
. Although their model was developed for quasi-homogeneous anistropi
turbulene, quite aurate preditions of the uid-partile ovarianes were obtain for a
gas-solid non-homogeneous ow.
48
Moreover, the union of these models with the proposed
stohasti equation is onsistent sine both depend on the same set of quantities, i.e. the
deorrelation time sales and seond order statistial moment of the uid veloity seen by
partiles.
21
We would like to emphasize that the model proposed belongs to a partiular lass of
stohasti models. Many other models ould ertainly reprodue more aurately the in-
terations between inertial partiles and turbulene. Nonetheless, the diulty is to nd a
model whih is a good ompromise between omplexity and physial auray. Besides, the
hallenge lies also in the speiation of the model parameters. One ould propose a model
whih is theoretially able to reprodue the dierent physial aspets of gas-solid ows with
high delity, but if its parameters annot be estimated aurately, the model will probably
be less satisfatory than a simpler model whose parameters an be found preisely. One part
of the physis is in the funtional form of the model, the other part is in its parameters.
Finally, it should be noted that Lagrangian stohasti methods an also be onsidered for
prediting the motion of gas bubbles in a liquid. Nevertheless, deformation, oalesene and
break-up an signiantly modify bubbles shape, and onsequently, alter the interations
of eah bubbles with turbulene. This makes the use of a stohasti model more omplex
sine its parameters, whih are not well known, should be orretly modied during the bub-
ble traking. In addition, the use of the point-fore approximation ould beome ambiguous
when bubble oalesene is strong. However, if we restrit ourselves to small non-deformable
bubbles and neglet break-up and oalesene, a Lagrangian stohasti method an be re-
tained. As for solid partiles, the diulty will be to properly estimate the parameters of
the stohasti model.
22
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28
Figures
29
FIG. 1: Diagonal omponents of the drift matrix, Gij . τ
+
p = 1 () ; τ
+
p = 5 ( ) ; τ
+
p = 25 ( · ).
30
FIG. 2: Non-diagonal omponents of the drift matrix, Gij . τ
+
p = 1 () ; τ
+
p = 5 ( ) ; τ
+
p = 25
( · ).
31
FIG. 3: Components of the diusion matrix, B2ij . τ
+
p = 1 () ; τ
+
p = 5 ( ) ; τ
+
p = 25 ( · ).
32
FIG. 4: Mean streamwise uid veloity, 〈u1〉. DNS () ; RANS (2).
33
FIG. 5: Partile onentration, Cp, for τ
+
p = 1 (a), τ
+
p = 5 (b), and τ
+
p = 25 (). DNS:  .
Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ; Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ; Di = 0 (3).
34
FIG. 6: Mean streamwise partile veloity, 〈vp,1〉, for τ
+
p = 1 (a), τ
+
p = 5 (b), and τ
+
p = 25 ().
DNS:  . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ; Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ; Di = 0
(3).
35
FIG. 7: Root mean square of the streamwise partile veloity, (
〈
v′2p,1
〉
)1/2, for τ+p = 1 (a), τ
+
p = 5
(b), and τ+p = 25 (). DNS:  . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ; Di =
∂ 〈u′iu
′
k〉 /∂xk (△) ; Di = 0 (3).
36
FIG. 8: Root mean square of the wall-normal partile veloity, (
〈
v′2p,2
〉
)1/2, for τ+p = 1 (a), τ
+
p = 5
(b), and τ+p = 25 (). DNS:  . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ; Di =
∂ 〈u′iu
′
k〉 /∂xk (△) ; Di = 0 (3).
37
FIG. 9: Partile kineti shear stress,
〈
v′p,1v
′
p,2
〉
, for τ+p = 1 (a), τ
+
p = 5 (b), and τ
+
p = 25 (). DNS:
 . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ; Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ; Di = 0 (3).
38
FIG. 10: Triple partile veloity orrelation,
〈
v′p,1v
′
p,1v
′
p,1
〉
, for τ+p = 1 (a), τ
+
p = 5 (b), and τ
+
p = 25
(). DNS:  . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ; Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ;
Di = 0 (3).
39
FIG. 11: Triple partile veloity orrelation,
〈
v′p,2v
′
p,2v
′
p,2
〉
, for τ+p = 1 (a), τ
+
p = 5 (b), and τ
+
p = 25
(). DNS:  . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ; Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ;
Di = 0 (3).
40
FIG. 12: Triple partile veloity orrelation,
〈
v′p,2v
′
p,1v
′
p,1
〉
, for τ+p = 1 (a), τ
+
p = 5 (b), and τ
+
p = 25
(). DNS:  . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ; Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ;
Di = 0 (3).
41
FIG. 13: Triple partile veloity orrelation,
〈
v′p,2v
′
p,1v
′
p,2
〉
, for τ+p = 1 (a), τ
+
p = 5 (b), and τ
+
p = 25
(). DNS:  . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ; Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ;
Di = 0 (3).
42
FIG. 14: Triple partile veloity orrelation,
〈
v′p,2v
′
p,3v
′
p,3
〉
, for τ+p = 1 (a), τ
+
p = 5 (b), and τ
+
p = 25
(). DNS:  . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ; Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ;
Di = 0 (3).
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FIG. 15: Streamwise drift veloity, 〈u˜′1〉, for τ
+
p = 1 (a), τ
+
p = 5 (b), and τ
+
p = 25 (). DNS:  .
Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ; Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ; Di = 0 (3).
44
FIG. 16: Wall-normal drift veloity, 〈u˜′2〉, for τ
+
p = 1 (a), τ
+
p = 5 (b), and τ
+
p = 25 (). DNS:  .
Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ; Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ; Di = 0 (3).
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FIG. 17: Diagonal omponent of the uid-partile ovariane tensor,
〈
u˜′1v
′
p,1
〉
, for τ+p = 1 (a),
τ+p = 5 (b), and τ
+
p = 25 (). DNS:  . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ;
Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ; Di = 0 (3).
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FIG. 18: Diagonal omponent of the uid-partile ovariane tensor,
〈
u˜′2v
′
p,2
〉
, for τ+p = 1 (a),
τ+p = 5 (b), and τ
+
p = 25 (). DNS:  . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ;
Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ; Di = 0 (3).
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FIG. 19: Non-diagonal omponent of the uid-partile ovariane tensor,
〈
u˜′1v
′
p,2
〉
, for τ+p = 1 (a),
τ+p = 5 (b), and τ
+
p = 25 (). DNS:  . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ;
Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ; Di = 0 (3).
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FIG. 20: Non-diagonal omponent of the uid-partile ovariane tensor,
〈
u˜′2v
′
p,1
〉
, for τ+p = 1 (a),
τ+p = 5 (b), and τ
+
p = 25 (). DNS:  . Stohasti simulation with Di = ∂
〈
u˜′iv
′
p,k
〉
/∂xk (2) ;
Di = ∂ 〈u
′
iu
′
k〉 /∂xk (△) ; Di = 0 (3).
49
